Introduction
Let K be a number field and a positive integer. The main theorem of [3] gives an upper bound for the order of the -torsion subgroup in the ideal class group Cl K of K under the Generalized Riemann Hypothesis, which can be made unconditional in certain special cases (e.g. when K/Q is a quadratic extension and = 3.) The main idea is to show that there are many ideal classes which are not -torsion. This is accomplished by showing that there are many ideals I 1 , I 2 , . . . , I s of small height (in a sense which will be made precise below) but that there are no principal ideals of small height; this implies that I 1 − I 2 , which also has small height, is non-principal, which shows that I 1 , I 2 , . . . , I s represent distinct classes of Cl K / Cl K . This shows that Cl K [ ] cannot be too large.
The aim of this note is to make the observation that the bounds of [3] could be improved if one had good bounds on the number of principal ideals of height at most X, when X is large enough that this number is nonzero. We are led to precise questions about the distribution of points of low height on P 1 (K), which do not seem to have been well-investigated either theoretically or experimentally. Any nontrivial progress on these questions would lead to an improvement of the results of [3] .
We remark that one expects to have |Cl K [ ]| d, ∆ K , so one should be aware that the results proved here, which bound the order of Cl K [ ] below a positive power of ∆ K , are not expected to be anywhere close to sharp.
Ideals and heights
As in [3] , we will need to work in the group of Arakelov divisors. Much of the discussion that follows is copied word-for-word from [3, §2] .
Notation: Let K be a number field of degree d over Q. Let I K be the (free abelian) group of fractional ideals of K, let M K be the set of infinite places of K, and let ∆ K be the absolute value of the discriminant of K/Q. Write K ∞ for K ⊗ Q R. 
Now write Div
Then K × is diagonally embedded in Div 0 K . We define the Arakelov class group Cl K to be Div
This group carries a natural measure induced from (arbitrarily) chosen Haar measures on R * and C * . There is a natural notion of height on Div
Then if (x, J) is the principal Arakelov divisor associated to some y ∈ K × , the height of (x, J) is precisely the usual height of y (considered as the point (y : 1) ∈
Bounds on torsion in class groups
Notation: the integers and d are fixed from now on, and all implicit constants are allowed to depend on , d, and any that is present. The important thing is that they are uniform in K.
For any positive real number X, denote by N K (X) the number of points in P 1 (K) (that is, the number of principal Arakelov divisors) of height at most X.
Let G = Div 0 K , and let H be the subgroup of principal divisors. It is easy to check that vol(G/H) = h K R K , where h = |Cl K | and R K is the regulator of K. In particular, log vol(G/H) ∼ (1/2) log ∆ K .
Write H for the subgroup G+H. Then G/H is the maximal abelian quotient of Cl K with exponent . One may show that |G/H | is small by showing that H /H has large volume.
Under the Generalized Riemann Hypothesis there are d, Y 1− primes of Q less than Y which split completely in K, by the theorem of Lagarias and Odlyzko [4] . In particular, there are split primes p 1 , . . . , p M of K which have norm at most X 1/ , with M d, X 1/ − . For each i between 1 and M , consider a small ball in G consisting of all pairs (x, p i ) such that x satisfies
for all archimedean valuations σ. Let B be the set of points of the form b , where b is an element of one of these balls. Note that each ball has volume bounded below by a constant, since it is a translate of a fixed region in K × ∞ . So B is a subset of H whose volume is X 1/ − . Let π : B → H /H be the natural map. If π(x) = π(y), then x/y is an element of K * of height X. Suppose x/y lies in a proper subfield L of K. Then the valuation of x/y at every prime of K pulled back from L is trivial, since such primes are not totally split in K/Q and thus do not occur among the p i . Thus x/y lies in O * L , and in particular i = j. It follows that the image of x/y in K ⊗ R lies in a compact neighborhood of 1 which is independent of K; it follows that the number of possibilities for x/y in O L is bounded, since there are only finitely many algebraic integers with bounded degree and bounded archimedean absolute values.
Write N K (X) for the number of elements of P 1 (K) of height less than X which are not defined over any proper subfield of K. Then we have shown above that the size of each fiber of π is at most c + N K (X). We conclude that vol|H /H| ≥ vol(B)(c + N K (X))
and thus that
The content of Lemma 2.2 of [3] is that, when X ∆
K , the only principal divisors of height less than X are the ones attached to points of P 1 (L) for some proper subfield L ⊂ K. (We note that this is not quite a direct consequence of Minkowski's theorem, because we are looking for low-height points in K * , not in the integer lattice O K .) In particular, one has N K (X) = 0 in this case, and this yields Proposition 3.1 of [3] , which asserts that, assuming GRH,
But we have in fact proven the following a priori stronger proposition.
One could prove results without reliance on GRH in cases where K, satisfy the conditions of Proposition 3.6 of [3] , for instance when = 3 and K/Q is an extension of even degree disjoint from Q(ζ 3 ).
If one defines
then one has, assuming GRH,
But at present it is not at all clear how to bound M (K) or f ( , d). As far as we know it might be possible for N K (X) to start growing quite quickly once it becomes nonzero; in this case we would have f ( , d) = 1 2 (d−1) and no improvement would be made on the results of [3] . In fact, Lecoanet [5] has carried out experiments for several dozen cubic fields K which seem to show just this kind of behavior. It would be very interesting to understand more fully the situation for cubic fields.
A few final remarks and suggestions regarding M (K) follow.
Guesses about M (K)
We first observe that one good way to make a guess about M (K) would be numerical experimentation. At present, Lecoanet's work on cubic fields is the only investigation of this kind. The function field heuristics below suggest that there is some reason for optimism in higher degree, despite the negative flavor of Lecoanet's results with d = 3.
In the same vein, it would be interesting to investigate numerically the values of g(d, α) := lim inf K|[K:Q]=d log N K (∆ α K ) for various choices of α. Another heuristic approach is to consider an analogous problem over function fields. Consider the set of all curves C/F q endowed with a degree-d map π : C → P 1 ; such curves are called d-gonal. (Here P 1 /F q is standing in for Q; philosophically, any choice of a fixed base curve in place of P 1 should do just as well.) Then the points of height at most q n on P 1 (F q (C)) are just the morphisms of degree at most n from C to P 1 . Write N C (q n ) for the number of such morphisms, and write N C (q n ) for the number of such morphisms φ such that φ × π : C → P 1 × P 1 is birational onto its image. Write ∆ for the norm of the discriminant of π. If g is the genus of C, one has by the Riemann-Hurwitz formula that g = (1/2) log q ∆ + O(1).
By Theorem 2.6 of [1] , one knows that for the general n-gonal curve C, one has N C (q n ) = 0 for all n < (g/2) + 1. In other words, N C (X) = 0 whenever X ∆ 1/4 . Once d > 3, this is stronger than the analogue of Lemma 2.2 of [3] , which shows that for all d-gonal curves, N C (X) = 0 for X ∆ 1/2(d−1) . In particular, this suggests that for a "typical" number field K, one might hope to have M (K) ∆ −1/(4 ) K . The problem of bounding N C (q n ) for an arbitrary, as opposed to generic, genus g d-gonal curve seems difficult. Indeed, even the problem of bounding the dimension of the space of degree-n maps from C to P 1 is not well-understood; this amounts to understanding the dimension of the space of basepoint-free g r n 's on C. This problem seems not to be well-understood at present, though see [6] for the d = 3 case and [2] for some results in the general case.
